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In this paper, we obtain a unit theorem for algebraic tori defined over an 
algebraic number field, which generalizes Dirichlet’s unit theorem as well as the 
Sunit theorem due to Hasse and Chevalley. 
1, INTRODUCTION 
As usual, let iZ denote the ring of rational integers, Q the field of rational 
numbers, R the field of real numbers, R +x the multiplicative group of 
positive reals, C the field of complex numbers. Let k be an algebraic number 
field, Ok its ring of algebraic integers. The group U, of invertible elements 
in Ok is called the unit group of k. Let t denote the number r1 + r2 - 1, 
where rl (resp. 2rZ) is the number of real (resp. complex) imbedidngs of k 
into C. Dirichlet’s unit theorem says that the unit group U, is the direct 
product of the finite group W, of all roots of 1 contained in k, and of a group 
isomorphic to Z?. This theorem has been generalized in two directions. 
One of them is the theorem on S-units due to Hasse and Chevalley. Let S be a 
finite set of places of k, containing the set S, of all infinite places in k. An 
element x E k such that ord,(x) = 0 for all o $ S is called an S-unit in k. 
We denote by U,(S) the group of all S-units in k. When S = S, , U,(S) is 
just the unit group U, . The S-unit theorem says that the group U,(S) is the 
direct product of the finite group W, and of a group isomorphic to Zs-l, 
s being the number of places in S. The other generalization is Ono’s unit 
theorem for a connected solvable algebraic subgroup G of G&(Q) (cf. 
[4, Theorem 51). 
In this paper, we point out another generalization of Dirichlet’s unit 
theorem, which also generalizes the S-unit theorem and Ono’s result in the 
case where G has no unipotent radical, i.e., G is a Q-torus in the sense of 
Bore1 (cf. [I, Chap. IT, Section 71). 
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2. A REVIEW OF SOME RESULTS ON ALGEBRAIC TORI 
We start by recalling some basic definitions and results on algebraic tori. 
We refer to [5] for the details. Let k be an algebraic number field. For a place ZI 
of k, we denote by k, the completion of k at v, by / . IV the normalized 
valuation of v. When v is finite, we denote by 0, the maximal compact 
subring of k, , by U, the group of units in 0,. For an infinite place v, we 
also denote by U, the group (x E k, ; 1 x j21 = l}. We denote by kAX the 
idele group of k, and by k,J the subgroup 
of k*X. 
Let T be an algebraic torus defined over k, p its module of rational 
characters; T is a Z-free module of rank dim(T). For each place D of k, we 
have locally compact group Tti, consisting of k,-rational points in T, and a 
submodule (T), of F consisting of rational characters defined over k, . 
For the sake of iimplicity, we shall denote Tk, , (f”),* by T, , (If”)* , respec- 
tively. For each place v, we put 
Tvc = {x E T, ; X(x) E U, for all X E (rf),). 
Then T,” is the unique maximal compact subgroup of TV . 
Let S denote a finite set of places of k containing the set S, of all infinite 
places. We put 
TA(S) = n T, x n Tnc. 
QE.3 V&S 
The adele group T,, of T over k is defined to be the inductive limit of TA(S) 
relative to S. The group Th of k-rational points in T is embidded diagonally 
into TA as a discrete subgroup. The group 
T,(S) = 7’2 n TAS) 
is called the S-unit group of T over k. When S = S, , T,(S) is simply called 
the unit group of T over k. We put 
TA1 = {x E TA ; X(x) E kA1 for all X E ( p)k}, 
TA1(S) = TA1 n T”(S), 
where ( F)r is the submodule of T consisting of rational characters defined 
over k. By Artin’s product formula, Tk is in fact contained in TA1. We have 
the following well-known result (cf. [2, 3, 41): 
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THEOREM 1. TAIITk is compact. 
Now, let X1 ,..., X,. , r = rank(F)k, be a Z-basis of(p), . We define a map 
A: T,, + (W+X>’ by 
4-e = (II ~l(~)ll,..., II ~k4l). (1) 
Then A induces the isomorphism 
it: TA/TA1 3 (R+x)r; 
hence T,/T,I is connected. For any S, we have 
TA = TA1 . TA(S); (2) 
in fact, T,&‘) being an open subgroup of TA , the group TA1. T,(S) is closed 
in T, and the quotient group TA/(TA l * T,@)) is discrete. On the other hand, 
T.,,/(TA1 * T,(S)), being a continuous image of the connected group TJTJ, is 
connected. For each place v of k, we define a map A,: T, --f (R+X)‘* by 
where X1 ,..., X,., form a Z-basis for @jU , and rv = rank(p)‘), . Then A, induces 
an isomorphism 
A, : Tv/T,,c 3 (R+x)‘v if v is infinite, 
F$Z’w if v is finite. (3) 
3. UNIT THEOREM 
We now determine the structure of the S-unit group Tk(S) of T over k. 
First, we need the following lemmas. 
LEMMA 1. Let r be a discrete subgroup of W such that W/l is compact. 
Then r is isomorphic to Z”. 
ProojI See [6, Chap. II, Section 4, Proof 111. 
LEMMA 2. Let G be agroup isomorphic to I$* x Zt--s, with t 3 s 3 r > 0. 
Let q be a continuous homomorphism of G onto W such that the restriction 
of q~ to W maps fR* onto IF!‘. Let G’ be the kernel of y, and ra discrete subgroup 
of G’ such the G’/r is compact. Then r is isomorphic to Zt-‘. 
Proof: We may assume that G = R8 x Z?; then every element x of G 
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can be expressed as (x1 ,.. ., xJ, with xi E [w for 1 d i < s, and xi E Z for 
s + 1 < i < t. By the continuity of v, 4~ can be written as 
all a12 .*- a17 




41 at2 a.. at, 
with aij E R, 1 < i < t, 1 < j Q r. In view of our assumption on y, we may 
assume that the submatrix (a$), 1 < i, j < I, is nonsingular. Consider G as 
imbedded in the obvious manner into the vector space V = II? over R; then 
the above formula of v defines a linear map @ of V onto KY. Let V’ denote 
the kernel of @; then G’ = V’ n G. For 1 < j < t - r, we denote by ej the 
vector (xi) in V defined by xi = ati’, 1 < i < r, x,+~ = 1, Xi = 0 otherwise, 
where (a?) ,..., a:‘) is the solution of the following system of linear equations: 
Clearly, {e, ,..., et-?} forms a basis for V’. Hence, {e, ,..., et...,} generates a 
lattice L in V’, so that V’/L is compact. On the other hand, as L is contained 
in G’ and G’ is closed in V’, V/G’ is compact. This implies that V/I’ is 
compact. Therefore, r is isomorphic to Ps by Lemma 1. 
MAIN THEOREM. Let T be an algebraic torus defined over an algebraic 
numberjeld k. Then the S-unit group Tk(S) of T over k is the dircet product 
of the jinite group Tk n TAc and of a group isomorphic to ZrcS)-*, where 
TAc = nu TUe with v ranging over all places in k, r = rank(p), and r(S) = 
LS ranW%. 
Proof, The canonical projection of TA1 onto TA1/Tb induces on T&S) 
a map of T,&S) onto its image in TA1/Tk, with the kernel T*(S) since 
Tk n TA1 = Tk n TA(S) = Tk(S). Therefore TA1(S)/Tk(S) is isomorphic to 
an open subgroup of T,l/T, , hence compact by Theorem 1. Call A, the map 
of T,(S) into @X+X>, induced by the map A defined in (1). The kernel of A, 
is T,&S), which is open in T,$. From (2), As is surjective. Since TAD is a 
compact subgroup of TA(S) and of T&S), As induces a map of TA(S)/TAc 
onto (IR+X)~, what amounts to the same UP; call this map 9: TA(S)/TAc ---t W. 
From (3), TA(S)/TAc is isomorphic to [Wrtm) x Zr(S)-r(cc) with r(c0) = 
c ues, rank(p), , and the restriction of Q.J to [Wrtm) maps l!Wm) onto UP. The 
kernel of F is the image of TA1(S) in TA(S)/TAc, i.e., TA1(S)/TAc. Now, call r 
the image of T,(S) under the canonical projection p: TA(S) + TA(S)/TAC, i.e., 
I’ = T,(S)/(T,(S) n TAG). Then rC Ker v because T,(S) C T&S). Let K be 
any compact neighborhood of the identity in TA(S), then K. TAc is compact 
and has therefore a finite intersection with T,(S), say F. Since p(F) is the 
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intersection of r with p(K . TAc), which is a compact neighborhood of the 
identity in TA(S)/TAc, ris discrete in TA(S)/TAc. The quotient group (Ker ?)/I’ 
is compact since it is isomorphic to the quotient group TA1(S)/(Tk(S) * TAc) of 
the compact group TA1(S)/TAc. Therefore, Lemma 2, applied to 
G = TA(S)/TAc, G’ = Ker v, q, I’, s = r( co), t = r(S), r, shows that r is 
isomorphic to Zjr(S)-s. The kernel of the canonical projection from T,(S) 
onto r is Tk n TAc, which is finite because TE is discrete and TAc is compact. 
Thus, we can conclude our main theorem by the fundamental theorem of 
finitely generated abelian groups. 
Remark 1. Let I2 denote a universal domain containing the algebraic 
number field k. The group OX of nonzero elements in 9 can be regarded 
as a one-dimensional algebraic torus defined voer k. For the torus T = LP, 
Tk(S) = the S-unit group U,(S) of k and Tk n TAc = the group W, of roots 
of 1 contained in k. On the other hand, r(S) = Card(S) and r = 1 since 
T = h. Therefore, our main theorem, applied to the torus T = Qx, gives the 
S-unit theorem due to Dirichlet, Minkowski, Hasse, and Chevalley. 
Remark 2. Let T be an algebraic torus defined over Q, and S consist of 
the infinite place co only. Then our main theorem, applied to T and S, 
shows that the unit group of T over Q is a finitely generated abelian group 
of rank rm - r. This is Theorem 4 in [4]. 
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